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ABSTRACT 
 
The hydrogen type sulfonic resin 732 cation-exchange resin (732-CR) was applied to exchange 
Mg(II) from aqueous solution. The ion exchange kinetics were studied in batch experiments at 
temperature range of 298-328 K and Mg(II) concentration range of 5-40 mol·m

-3
. The kinetic data 

were first treated by Nernst-Planck equation for the exchange of univalent and bivalent ions, and 
also treated and compared by shrinking-core model that takes into account diffusion of metal ions 
within resin pores. The values and relationships of diffusion coefficients of counter ions (DM and DH) 
and effective diffusion coefficients of magnesium ions (De) were evaluated and discussed. Other 
useful ion exchange kinetic parameters such as self-diffusion coefficient (D0), energy of activation 
(ΔEa) and entropy of activation (ΔS*) were evaluated. The results show that the ion exchange 
process is favored under particle diffusion control mechanism and above two models can both 
describe kinetics of the removal of Mg(II) from aqueous solution by 732-CR. 
 

Original Research Article 



 
 
 
 

Qian et al.; CSIJ, 17(2): 1-10, 2016; Article no.CSIJ.29509 
 
 

 
2 
 

Keywords: Ion exchange kinetics; magnesium ions; 732 cation-exchange resin; Nernst-planck 
equation; shrinking-core model. 

 

NOMENCLATURES 
 
CM,e  : Equilibrium concentrations of Mg(II) in solution, mol·m-3 
CM,t      : Centration of Mg(II) at time t in solution, mol·m-3  
CM,0      : Initial concentration of Mg(II) in solution, mol·m

-3
 

De        : Effective diffusion coefficient of M
2+

 within the resin, m
2
·s

-1
 

Do        : Self-diffusion coefficient of M2+, calculated by Nernst-Planck equation, m2·s-1 
Do’       : Self-diffusion coefficient of M

2+
, calculated by shrinking-core model, m

2
·s

-1
 

DH       : Inter diffusion coefficient of counter ion H
+
, m

2
·s

-1
  

DM       : Inter diffusion coefficient of counter ion M2+, m2·s-1 
DHM      : Coupled interdiffusion coefficient, m2·s-1 
d         : Ionic jump distance, m 
ΔEa       : Energy of activation, calculated by Nernst-Planck model, kJ·mol

-1
 

ΔEa’      : Energy of activation, calculated by shinking-core model, kJ·mol-1 shrinking 
h         : Plank’s constant 
qe        : Equilibrium exchange capacity, mol·m

-3
 

rc         : Radius of the interface of unreacted core, m 
r0         : Particle radius, m 
ΔS*       : Entropy of activation, calculated by Nernst-Planck model, J·mol-1·K-1 
ΔS*’      : Entropy of activation, calculated by shinking-core model, J·mol

-1
·K

-1 
shrinking

 

T         : Absolute temperature, K 
V         : Volume of the solution, m3 
W         : Weight of dried resin, kg 
X(t), U(τ)   : Fractional attainment of equilibrium 
ZH/ZM     : Charge ratio 
a          : Mobility ratio 
k          : Boltzmann constant 
ρs         : Density of dried resin, kg·m

-3
 

τ          : Dimensionless time parameter 
 
1. INTRODUCTION 
 

Magnesium and calcium concentrations, which 
represent the hardness of water, are present in 
most natural waters. Hard water can result in 
serious problems both in industrial and domestic 
settings. It can cause scaling in different 
industrial operators such as hot water tanks, 
boilers, washing machines and cooling towers 
that reduce power output and thermal efficiency 
[1-4]. It can foul pipeline and membrance [5-7], 
as well as prevent soaps from lathering [8]. 
Moreover, in some industry processes, it’s 
essential to remove alkaline-earth metal ions in 
order to obtain pure chemicals, increase 
productive efficiency and avoid potential dangers 
[9,10]. Therefore, softening or removal of 
hardness cations from groundwater and surface 
water is required from the points of economy, 
safety and human health. 
 
Lime softening and ion exchange softening are 
two common methods for the removal of 

hardness [3,4,11] along with nanofiltration, 
membrane processes, electrochemical 
techniques, reverse osmosis, and biological 
processes [12-16]. Compared to the drawbacks 
of the lime method include the production of a 
high volume of sludge stream and excessive use 
of chemicals [17], the advantages of ion 
exchange include effectiveness, selectivity, 
recovery, fewer precipitation, and better 
economics in water softening [18-20]. 732 cation-
exchange resin (732-CR), a gel-type polystyrene       
sulphonated strong cation-exchange resin, is 
widely   produced and used as an ion-exchanger 
as its high exchange capacity and relative low          
cost [21]. However, no detailed kinetic and 
equilibrium studies for this resin as H+ form        
for the ion exchange of alkaline-earth metals 
from aqueous solution. 
 
Ion exchange kinetics envisage the mechanism 
of ion exchange, rate determining step and the 
rate laws obeyed by the ion exchange system 
[22]. It has an important role in the selection of 
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exchangers and exchange conditions in a certain 
application and in the evaluation of the 
performance of ion exchange process. Batch ion 
exchange techniques are performed to obtain the 
distribution function of a solute between the 
exchanger and solution phase. 
 
In this study, 732-CR as H+ form was evaluated 
from the kinetic points of view for Mg(II) removal 
by ion exchange. The parameters that influence 
ion exchange, such as contact time, temperature 
and initial concentration of Mg(II) were 
investigated. The kinetic data were described by 
different kinetic models: Nernst-Planck equation 
and shrinking core model (SCM). The 
mechanism and rate determining step of ion 
exchange were studied by both models. In 
addition, the equilibrium, kinetics parameters and 
the relationship between these two kinetic 
models were evaluated from the ion exchange 
measurements. 

 
2. EXPERIMENTAL 
 
2.1 Materials and Apparatus 
 
Material: 732-CR in sodium form (Shanghai 
Resin Factory). Its physicochemical properties 
and specification as reported are listed in Table 1. 
Magnesium chloride, basic magnesium 
carbonate, ethylene diamine tetra acetic acid, 
disodium salt (EDTA) and Eriochrome black T, 
(analytical grade, Sinopharm Chemical Reagent 
Co. Ltd.); Hydrochloric acid (35%), (Shanghai 
Lingfeng Chemical Reagent Co. Ltd.). 

 
Apparatus: Drying oven (GZX-9070MEB); Water 
bath constant temperature oscillator (DF-101S). 

 
Table 1. Characteristics of 732-CR 

 

 

2.2 Methods 
 

2.2.1 Preparation of H
+
 form ion-exchange 

resin 
 

The resin was washed with demineralized water 
(DMW) to remove impurities and dried at 338 K 
to constant weight. Sample sifters of 40 mesh 
and 50 mesh were used to sieve the dried resin 
to obtain particles of particular size range (~182 
μm). The selected 732-CR in Na+ form was 
converted to H

+
 form by agitating with 1 M HCl 

for 24 h, and intermittently replacing the 
supernatant liquid with fresh acid. The excess 
acid was removed after several washings with 
DMW until the final washing became neutral. 
Finally the resin was dried at 338 K and stored in 
a desiccator for further experimental studies. 
 

2.2.2 Batch kinetic experiments  
 

The exchange kinetic experiments were carried 
out in 250 mL conical flasks as follows: 50±0.1 
mL Mg(II) solutions were shaken with 0.2±0.001 
g of the dried H+ form resin at different 
temperatures (298-328 K) and different                    
initial Mg(II) concentrations (5-40 mol·m

-3
). 

Determination of the temperature was estimated 
to be accurate to ±0.1 K and the standard 
uncertainties of initial Mg(II) concentration are 
2%. The minimum stirring speed was determined 
and above which the kinetics are independent of 
the agitation. The agitated batch experiments 
were carried at a shaking speed above this 
minimum speed. At desired time intervals (0.5, 1, 
2, ect. to 720 min), the supernatant liquid was 
removed immediately and titrated by EDTA. All 
the experimental studies were carried out three 
times and the mean values were taken for 
calculation.  
 

3. RESULTS AND DISCUSSION 
 

3.1 Kinetic Results 
 

3.1.1 Effect of contact time  
 

The extents of ion exchange are expressed in 
terms of the fractional attainment of equilibrium, 
X(t), according to the equation: 
 

X(t) 
CM ,0 CM
CM 0 CM ,e


the amount of exchange at time 't'

the amount of exchange at equilibrium
         

(1) 
 

where CM,0, C M, and C M,e, are the concentration 
of Mg(II) at time 0, t, and equilibrium in the 
aqueous phase respectively.  

Characteristics Value 

Matrix 
 
Functional group 
Physical form 
 
 
Ionic forms as shipped 
Total exchange capacity 
Particle size 
Water content 
Specific gravity 
pH range 

Styrene – divinyl  
benzene copolymer 
Sulfonic acid 
Transparent, 
claybank  
beads 
Na

+
 

≥4.60 mmol/l 
0.3-1.25 mm 
45-53% 
1.19-1.29 
1-14  
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Fig. 1. Effect of contact time on ion exchange 
of Mg(II) with 732-CR (initial Mg(II) 

concentration: 5 mol·m
-3

; temperature: 308 K) 
 
Fig. 1 shows the effect of contact time on the ion 
exchange of Mg(II) with 732-CR. It is clear that 
the removal of Mg(II) increases with the lapse of 
time. The fractional attainment of equilibrium 
increases rapidly during a few minutes at first, 
and then increases slowly until the equilibrium 
state is reached. The figure reveals that 360 min 
is enough for the establishment of equilibrium for 
initial Mg(II) concentration of 5 mol·m

-3
 at 308 K. 

Therefore, 360 min is assumed to be the 
equilibrium time of ion exchange for all systems. 
The initial ion exchange rate was very fast may 
be due to the existence of greater number of 
resin sites available for the exchange of metal 
ions. As the remaining vacant sites decreasing 
on the surface, the ion exchange rate slowed. 
 
3.1.2 Effect of temperature 
 
Fig. 2 is the plots of X(t) versus t for Mg2+-H+ 
exchanges at four different temperatures. It is 
shown that the removal of Mg(II) is favored with 
the increase in temperature. This may be 
attributed to the increase in ion mobility and the 
decrease in solution viscosity with the increase in 
temperature, which boost the velocity of the ions 
moving across the liquid-solid boundary layer to 
the solid surface [21-23].  
 
3.1.3 Effect of initial concentration of Mg(II) 
 
Two physical and one chemical kinetic 
mechanisms are normally involved in ion 
exchange processes. The (chemical) ion-
exchange reaction is normally much faster than 
the (physical) mass transfer phenomena. This is 
why only the external (film) and the internal 
(particle) diffusion are considered. The 
concentration effect on the mechanism of 

exchange was studied at 308 K. Plots of X(t) 
versus t (Fig. 3a) indicate that the rate of 
exchange is proportional to the initial Mg(II) 
concentration. As the previous works indicate, a 
particle diffusion controlled process is favored by 
a high metal ion concentration, relatively large 
particle size of the exchanger and a vigorous 
shaking of the exchanging mixture [24]. 
According to the Nernst-Planck equation (Eq. (3)), 
each fractional attainment of equilibrium has a 
corresponding value of τ. The plots of τ versus t 
(Fig. 3b) are straight lines passing through the 
origin at and above 20 mol·m-3 of initial Mg(II) 
concentration, confirming the particle diffusion 
controlled phenomenon [25,26]. According to the 
concentration effect on the rate of ion exchange, 
kinetic measurements were made at 0.02 M 
initial Mg(II) concentration. 
 

0 1 2 3 4 5
0.0
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0.6
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X
(t

)

t (min)
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 308 K
 318 K
 328 K

 

 

 
 

Fig. 2. Effect of temperature on ion exchange 
of Mg(II) with 732-CR (initial Mg(II) 

concentration: 20 mol·m-3) 
 
3.2 Kinetic Models 
 
Different models have been used to describe the 
kinetics of ion-exchange between metallic 
solutes and an exchanger. In this work, the 
application of kinetic models to fit experimental 
results was demonstrated using Nernst-Planck 
equation and shrinking core model in the system 
of Mg2+-H+ exchange in sulphonic cationic resin. 
 
3.2.1 Nernst-Planck equation 

 
The Nernst-Planck equation can be used to solve 
the particle diffusion control ion exchange 
process with the following assumptions given by 
Helfrich [27,28]: The individual diffusion 
coefficients are essentially constant for a given 
resin; the concentration of fixed ionic groups 
throughout the resin remains unchanged; and the 
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presence of co-ions in the resin and the swelling 
condition of the resin are neglected. 
 
The exchange of bivalent metals M2+ with the 
resin in H

+
 form is essentially a process of M

2+
 

diffusing into and H+ diffusing out of the resin 
phase, and H+ being substituted by an equivalent 
amount of M

2+
. Hence the coupled interdiffusion 

coefficient DHM can be written as [29]: 
 

DHM 
DHDM (ZH

2CH  ZM
2CM )

ZH
2CHDH  ZM

2CMDM
                       (2) 

 
DHM depends on the relative concentration of the 
exchanging species (H

+
 and M

2+
) in the resin. 

Since initially CH> CM, DHM approximately equals 
to the value of DM. On the basis of the Nernst-
Planck equation, the numerical results can be 
expressed by explicit approximation [27,28]:   
 

213
3

2
21

2 )]})()()((exp[1{)( aaap fffU 
 (3) 

 
where U(τ) equals to the fractional attainment of 
equilibrium, X(t), τ is the half time of exchange, a 
dimensionless time parameter, and α is the 
mobility ratio as shown in Eq. (4) to (6). 
 

)()( tXU                                                   (4) 
 

2
0/ rtDM                                                   (5) 

 

MH DD /a                                                (6)  

 
DH and DM are the interdiffusion coefficients of 
counter ions H

+
 and M

2+
 in the resin phase and r0 

is the particle radius. The three functions f1(α), 
f2(α) and f3(α) depend on the mobility ratio (α) 
and the charge ratio (ZH/ZM) of the exchanging 
ions. When the exchanger is taken in the H+-form 
and the exchanging ion is M

2+
, for 1≤α≤20, the 

three functions have the values: 

f1(a)  
1

0.640.36a 0.668
                              (7) 

 

4635.02
0.296.0

1
)(

a
a


f                              (8) 

 

140.13
09.027.0

1
)(

a
a


f                            (9) 

 
The τ values of the ion exchange processes are 
obtained by solving Eq. (3) using a computer, 
and the results also given the α value. The plots 
of τ versus t at four different temperatures for the 
ion exchange of Mg(II) with 732-CR are shown in 
Fig. 4. 
 
The slopes (S1) of τ versus t plots are calculated 
using a linear regression model; the data are 
summarized in Table 2. According to Eq. (5) and 
(6), we can obtain DM and DH values, which are 
listed in Table 3. 
 
An Arrhenius plot as shown in Fig. 5 could         
be used to show the temperature       
dependence of the diffusion coefficient of      
metal ions (DM) following the Arrhenius     
equation:  
 

DM  D0 exp(
Ea
RT

)
                                     (10) 

 
where ΔEa is the activation energy of the 
diffusion process, R is the gas constant, T is the 
absolute temperature, and D0 is the pre-
exponential constant, self-diffusion coefficient      
of M2+. The plot of log DM against 1/T for           
ion exchange of Mg(II) with 732-CR (Fig. 5) 
results in a straight line. The intercept and the 
slope values give the value of D0 and ΔEa      
(Table 4). 
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(a)
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R2=0.9599
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R2=0.9966

R2=0.9943

 
 

Fig. 3. Effect of initial Mg(II) concentration on ion exchange of Mg(II) with 732-CR (a) X(t) 
versus t and (b) τ versus t (temperature: 308 K) 
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Fig. 4. Plots of τ versus t for ion exchange of 
Mg(II) with 732-CR at different temperatures 
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Fig. 5. Plot of log DM versus 103T-1 for ion 
exchange of Mg(II) with 732-CR by Nernst-

Planck equation 
 

The entropy of activation (ΔS*) is then calculated 
by substituting D0 in following equation [29]: 
 

)exp()(72.2 2
0

R

S

h

kT
dD




                         (11) 
 

where d is the ionic jump distance taken as 5×10
-

10 
m, k is the Boltzmann constant, h is Plank’s 

constant and T is taken as 273 K. The ΔS* 
values are summarized in Table 4.   
 

Table 2. Slopes of various τ versus t plots (S1) 
and F2(t) versus t plots (S2) for ion exchange 

of Mg(II) with 732-CR at different 
temperatures 

 

T (K) 298K 308K 318K 328K 
S1(s

-1
) × 10

3
 1.36 1.62 1.88 2.23 

S2(s
-1) × 103 1.72 2.03 2.34 2.71 

 

3.2.2 Shrinking-core model 
 

The shrinking core model (SCM) was also 
applied in order to interpret the experimental 

kinetic results better. In this model, it was 
assumed that: The process is isothermal; 
intraparticle mass transfer takes place by 
diffusion inside pores; and the resin particles are 
spherical with uniform size and density[30]. The 
SCM considers the exchange reaction of metal 
ions with the resins carried out from the surface 
to the centre of resin particles as the time passed. 
During the ion exchange process, a moving 
boundary between the reacted outer shell                   
and the shrinking unreacted inner core can                      
be observed during the ion exchange process 
[31]. 

 
Ion exchange of Mg(II) with 732-CR, as in other 
heterogeneous reactions between solids and 
fluids, can be explained through three sequential 
processes: 1) diffusion of ions through a 
boundary film around the resin particle (film 
diffusion); 2) diffusion of ions within the resin 
particle (particle diffusion); 3) exchange reaction 
with the functional groups attached to the matrix. 
One of the steps can be considered as the rate 
controlling step if it offers much greater 
resistance than the others. Assuming a quasi-
steady state, the following relationships can be 
obtained when film diffusion or particle diffusion 
or exchange reaction is the rate controlling step, 
respectively [32,33]. 

 
XtF )(1

                                                     (12) 

 
)1(2)1(31)( 3/2

2 XXtF                      (13) 

 
F3(t) 1 (1 X)1/3                                         (14) 

 
where X is the fractional attainment of equilibrium. 

 
The results of the liner regression of Fi(t) versus t 
for the exchange of Mg(II) with 732-CR at 308K 
are shown in Table 3. A good linearity is obtained 
only for the plots of F2(t) against t (correlation 
coefficient R

2
 > 0.99), confirming the ion 

exchange processes follows the particle diffusion 
controlling mechanism. As to particle diffusion 
controlling model, the resistance of film diffusion 
around the resin particles is negligible.  
 
As the reaction progresses in the resin bead, the 
material balance of counter-ion M follows Fick’s 
diffusion equation with spherical coordinates [34]. 
By the relationship between the concentration 
gradient of M at any shell radius r and rc, the 
radius of the interface of unreacted core with the 
associated boundary and initial conditions, we 
can obtain: 



 
 
 
 

Qian et al.; CSIJ, 17(2): 1-10, 2016; Article no.CSIJ.29509 
 
 

 
7 
 

V
dCM
dt

 4pqerc
2 dr

dt
 4pDe

1

1 / r0( )  1/ rc( )

é

ë
ê
ê

ù

û
ú
ú
CM

      (15) 

 

where r0 is the initial radius of resin particle and 
rc is the radius of the interface of unreacted core. 
De is the effective diffusion coefficient for binary 
ion exchange. qe is the exchange capacity of the 
resin, which is calculated by the difference in 
initial and final metal content at equilibrium using 
the following relationship: 
 

qe 
(CM ,e CM ,0 )V

W / rs
                                   (16) 

 

where V is the volume of the solution, W is the 
weight of dried 732-CR, and ρs is the density of 
dried resin.  
 

When Eq. (15) is integrated and combined with 
Eq. (13), we can obtain, 
 

F2 (t)13(1 f )2/3  2(1 f )
6DeCM ,0

qer0
2

CM
CM ,0

æ

è
çç

ö

ø
÷÷0

t

ò dt 
6DeCM ,0

qer0
2

æ

è
ç

ö

ø
÷ t

 (17) 
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Fig. 6. Plot of F2(t) versus t for ion exchange 
of Mg(II) with 732-CR at different 

temperatures 
 

While F2(t) is plotted against t, as shown in Fig. 6, 
we can calculate the effective diffusion 
coefficients De of Mg(II) according to the slopes 
of the lines, also listed in Table 2. The results of 
DM and DH (Nernst-Planck) and De (SCM) are 
listed in Tables 3. 
 

On the basis of Eq. (10) and (11), self-diffusion 
coefficient of Mg(II) (D0’), energy of activation 
(ΔEa’) and entropy of activation (ΔS*’) are 
obtained using the Arrhenius plot of log De 
versus 1/T (Fig. 7). The results are summarized 
in Table 3 along with the data obtained by 
Nernst-Planck method. 

3.00 3.05 3.10 3.15 3.20 3.25 3.30 3.35 3.40
-9.05

-9.00

-8.95

-8.90

-8.85

-8.80

-8.75

 

103T-1 (K-1)

R
2
=0.9995lo

gD
e 

(m
2 s-1

)

 

 

 
 

Fig. 7. Plot of logDe versus 10
3
T

-1 
for ion 

exchange of Mg(II) with 732-CR by shrinking-
core model 

 
3.2.3 Comparison between two kinetic models 

 
As seen from Table 3, the values of De, DM and 
DH increase with the increase in temperature 
confirming that the mobility of the ions is bigger 
at a higher temperature in Fig. 2. The values of 
De are approximate that of DH, but they are about 
20 times as much as DM. Considering the 
opposite direction of M2+ and H+ diffusing in                                   
the resin phase, it is reasonable to think De is                 
the characterization of the interaction of M2+ and 
H

+
.  

 
As is shown in Table 4, the positive values of ΔEa 
and ΔEa’ indicate that a minimum energy is 
required to facilitate the ion exchange process. 
Negative values of ΔS* and ΔS*’ suggest a 
greater degree of order is achieved during the 
exchange of Mg(II) with 732-CR, validating                   
the feasibility of ion exchange processes on          
732-CR.

Table 3. The correlation coefficient of Fi(t) and values of DM and DH (Nernst-Planck) and               
De (SCM) for ion exchange of Mg(II) with 732-CR at different temperatures 

 
Temperature 
(K) 

R2 DM 
(m

2
/s) 

DH 
(m

2
/s) 

De 
(m

2
/s) F1(t) F2(t) F3(t) 

298 0.8648 0.9979 0.9621 4.530×10
-11

 6.342×10
-10

 9.655×10
-10

 
308 0.8729 0.9968 0.9761 5.396×10

-11
 7.554×10

-10
 1.140×10

-9
 

318 0.8436 0.9941 0.9666 6.262×10
-11

 8.766×10
-10

 1.314×10
-9

 
328 0.8019 0.9927 0.9651 7.427×10

-11
 1.040×10

-9
 1.521×10

-9
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Table 4. Values of D0, ΔEa and ΔS* for ion exchange of Mg(II) with 732-CR by Nernst-Planck 
equation and D0’, ΔEa’ and ΔS*’ by shrinking-core model 

 

Nernst-planck model Shrinking-core model D0’/ D0 α 

D0 

(m
2
/s) 

ΔEa 
(kJ/mol) 

ΔS* 

(J/mol/K) 

D0’ 

(m
2
/s) 

ΔEa’ 

(kJ/mol) 

ΔS*’ 

(J/mol/K) 

9.54×10
-9

 5.76 -49.93 1.35×10
-7

 5.32 -27.88 14.15 14 
 
From Table 4, self- diffusion coefficients, D0 and 
D0’, are approximately in the order of 10

-8
 m

2
/s, 

which are essentially comparable to the literature 
results [35,36]. And the radios of D0’/ D0 for Mg(II)

 

are in close proximity to α value, indicating that 
self-diffusion coefficient of H+ (Nernst-Planck) 
equals to the effective self-diffusion coefficient 
(SCM). Hence, the application of both Nernst-
Planck equation and shrinking-core model to 
solve the ion exchange kinetics of Mg(II) with 
732-CR is ascertained. 

 
4. CONCLUSIONS 
 
The concentration effects on the rate of ion 
exchange of Mg(II) with 732-CR were studied 
and the results show that the ion exchange 
processes at various temperatures are favored 
under particle diffusion control mechanism when 
CM,0 is larger than 20 mol·m-3. The kinetics of 
Mg(II) on 732-CR were described by Nernst-
Planck equation and shrinking-core model. Both 
kinetic models yielded a good fit for the kinetic 
data. Diffusion coefficients of counter ions (DM 
and DH) and effective diffusion coefficients of 
metal ions (De) within the resin were evaluated 
by above two kinetic models, respectively. The 
relationship between them reveals that De is the 
characterization of the interaction of M2+ and H+. 
Positive values of energy of activation (ΔEa) and 
negative values of entropy of activation (ΔS*) 
were obtained, validating the feasibility of ion 
exchange processes.   
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