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Abstract

In this paper we find some results on computing the low-dimensional Hochschild cohomology
groups for some finite-dimensional monomial algebra over an algebraically closed field K. The

low-dimensional Hochschild cohomology groups have an important interpretations within algebra

and geometry.
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1 Introduction

The main goal of this paper is to give results to use in determining the low-dimensional Hochschild
cohomology groups of some finite-dimensional algebra A for which A = KQ/I. We assume
throughout that @ is a quiver over an algebraically closed field K and I is an admissible ideal
in KQ. Al-Kadi in ([1], Theorem 3.6) gives a general theorem on the vanishing of the second
Hochschild cohomology group for most of the finite dimensional self-injective algebras of finite
representation type of types D and E.

The low-dimensional Hochschild cohomology groups HH®(A), HH'(A) and HH?(A) (defined
below) have an important interpretation within algebra such as derivations and extensions. In [2],
Happel shows that HH(A) is the center of A and that the group HH'(A) is related to derivations
of an algebra. The derivations of A form the set {6 € Homg (A, A)|d(ab) = ad(b) + 6(a)b}. It was
also noted by Gerstenhaber in [3] that there are connections to algebraic geometry. In fact, HH?(A)
controls the deformations of an algebra. Within algebraic geometry it is important to know whether
or not HH? (A) is zero. This paper is concerned with the low dimensional Hochschild cohomology
groups as from an algebraic point of view and with finding the dimension of HH*(A) for i = 0, 1, 2.
Our main theorems are Theorem 3.4 and Theorem 3.6 stated as follows.

Theorem 3.4. If Q is connected and has no oriented cycles then dim Im d; = n—1, where n=number
of vertices.
Theorem 3.6. Suppose that @ is connected and has no oriented cycles. Let A = KQ/I be a
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finite-dimensional monomial algebra.Suppose also whenever a; ---a, is a minimal generator of I
then dim o(a;)At(a;)=number of arrows from o(a;)to t(a;) fori =1,...,n.

i) If A has only one relation, namely a; - - - a,, then dim Kerds = dim Hom(Q*', A) —X7_;mx
where my, = dim o(ax)At(ar) — 1.

ii) If the minimal set of generators of I is precisely the set of paths from o(a1) to t(an). Then
Kerds = Hom(Ql,A).

iii) Special case: if dim o(a;)At(a;) = 1 for all arrows a; in @ then dim Kerd; = number of
arrows.

Our paper is organized as follows. In Section 2, we briefly review the related definitions and
theorems of Hochschild cohomology. We also include a short description of the projective resolution
of [4]. In Section 3, we present the results we found to compute the dimension of the low-dimensional
Hochschild cohomology groups and we conclude with an example.

2 Preliminaries

In this section we recall some standard definitions and theorems. We have not included the proofs
if the results are well known or direct to prove.

Let A be a finite-dimensional algebra over a field K. Then any left A-module, say M, has a
projective resolution which is an exact sequence

s PP R M o, (2.1)

such that each P; is a projective module.
Notation: If

A, P
s PP s e Ao,

is a minimal projective resolution for M then Ker 4, := Q" (M).
Given a sequence as (2.1) we may form the complex by taking homomorphisms of each of the
terms into N. This gives the complex (2.2) below:

0 — Hom(M, N) 8 Hom(Po, N) % Hom(P1, N) % - 3" Hom(P,_1,N) % ...

It is a sequence of modules and maps such that composition of any two adjacent maps is zero.
This is the same as saying d,, od,—1 = 0 that is, Imd,,—1 C Kerd,,. This sequence is not necessarily
exact, and leads to the extensions.

Definition 2.1. ([5], p33,p44]). Let N and M be two A-modules. For any projective resolution of M
asin (2.1) letd, : Hom(P,—1, N) — Hom(P,, N) be the induced map for all » > 1 as in (2.2). Then

Exty(M,N) = Kerd,+1/Imd, forn >0,
where Ext) (M, N) = Kerd;. The group Ext} (M, N) is called the n-th cohomology group derived
from the functor Hom(—, N). Moreover, Ext% (M, N) = Hom(M, N).
Theorem 2.2. If
0-A%BL0c=0
is an exact sequence of vector spaces then dim B = dim A + dim C.

Definition 2.3. Definition: ([6], p287) Let A be a finite-dimensional algebra over a field K. The n-
th Hochschild cohomology group HH"(A) is Extie (A, A), where A° = A ®x A°? is the enveloping
algebra of A.
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The next two theorems help us to find the zero Hochschild cohomology group:
Theorem 2.4. HH°(A) = Z(A) where Z(A) is the center of A.
Theorem 2.5. IfQ has no oriented cycles then Z(A) = K.

To find the Hochschild cohomology groups for some finite dimensional algebras A, a projective
resolution of A as A°-module is needed. The next definition is written using ([4], Theorem?2.9).

In general for A = KQ/I where @ is a quiver and I is an admissible ideal of K@, a minimal
projective resolution of A as a A, A-bimodule begins:

s QPR HQR"NA,

where

Q= P A,

v,vertex

Q'= P Ao(a)®ta)A,
Q° = @ Ao(z) @ t(z)A,
zeg?
where ¢? is a minimal set of relations for the ideal I. Note that we write o(a) for the origin of
the arrow a and t(a) for the end of a. Next we will define the maps Ao, A1 and A>. The map
Ap : Q° — A, is the multiplication map so is given by v @ v — v. The map 4; : Q' - Q° ,is a
A, A-homomorphism and is given by o(a) ® t(a) — o(a) ® 0(a)a — at(a) ® t(a) for each arrow a. To
define the map Az : Q% — Q!, let = be one of the minimal relations.

r S5
o(z) ®t(z) — Z Cj(z aij - a—1); ® Qky1)j " Csj5),
k=1

Jj=1

where alj - Qk—1)j X A(k41)5 " Qsjj € Ao(akj) X t(ak]’)A.
In this paper the projective resolution is

O%QQA*?QlA#QOA—QAHO,

that is, Q" = 0, for i > 3. (We assume here that Q* = 0, for i > 3.)
In the next section, we found some general results to describe the low dimensional Hochschild
cohomology groups.

3 Results

Theorem 3.1. Let A = KQ/I. Suppose that Q is connected and has no oriented cycles. Suppose
that 0 — Q% — Q' — Q° — A — 0 is a projective resolution of A. Then HH°(A) = K. If
Hom(Q?, A) # 0 and ifTmds = 0, where d» : Hom(Q', A) — Hom(Q?, A), then we have HH?(A) =
Hom(Q?, A) and dim HH'(A) = dim HH°(A) — dim Hom(Q°, A) 4+ dim Hom(Q*, A). If Hom(Q?, A)
=0, then HH?*(A) = 0.

We present a summary of the proof next.
Proof. Since @ does not contain an oriented cycle then by Theorem 2.4 and Theorem 2.5 we have

HH(A) 2 K.
Starting with the minimal projective resolution of A:
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0-Q°BQ Q"2 A o,
we get the complex:
0 — Hom(A, A) — Hom(Q°, A) & Hom(Q", A) e Hom(Q?, A) % 0.
We will need some assumptions on Hom(Q?, A). To start consider the short exact sequence:

0 — Ker Ao = QA — Q" 22 A — 0.
Then we get the following sequence:
0 — Hom(A, A) — Hom(Q", A) — Hom(QA, A) — HH'(A) — 0, (3.1)

where HH'(A) = Extje (A, A).
By repeating the steps but with a short exact sequence containing QA. i.e. by using the short
exact sequence:

0 Ker A, = Q°A — Q" 2 QA — 0,
we get the following sequence:

0 — Hom(QA, A) — Hom(Q"', A) — Hom(Q°A, A) — HH?*(A) — 0, (3.2)
where HH?(A) = Extic (QA, A).
We also have the short exact sequence that contains QA:
0 — Ker As = Q%A — Q> B 0°A — 0.
But Ker A, = Q%A = 0, so Q% = Q%A. Now substitute it in (3.2) to get:
0 — Hom(QA, A) — Hom(Q", A) — Hom(Q?, A) — HH?(A) — 0. (3.2a)

If we make the assumption that Hom(Q?, A) = 0 then it follows directly from equation (3.2a) that
Hom(QA, A) = Hom(Q', A) and HH?(A) = 0.

Now if we assume Hom(Q?, A) # 0 and Im d» = 0, then HH?*(A) = Ker d3/Tm da = Hom(Q?, A).
Again it follows directly from (3.2a) that Hom(QA, A) = Hom(Q", A).

Now in sequence (3.1), we know that Hom(A, A) = Z(A) = HH(A) and that Hom(QA, A) =
Hom(Q"', A), so we get:

0 — HH’(A) — Hom(Q°, A) — Hom(Q",A) — HH"(A) — 0. (3.1a)

So dim HH°(A) —dim Hom(Q°, A) +dim Hom(Q", A) —dim HH'(A) = 0. Therefore, dim HH'(A) =
dim HH°(A) — dim Hom(Q°, A) + dim Hom(Q", A).
O

The next results describe Hom(Q*, A), for i = 0,1, 2.
Theorem 3.2. There is an isomorphism of vector spaces Hom(Ae ® fA,A) = eAf.

Proof. Let o : Hom(Ae ® fA,A) — eAf be defined by ¢ — ¢(e ® f), where ¢ : Ae® fA — A. Then
it is direct to show that « is an isomorphism. O

Theorem 3.3. With the notation of this section and section 1,
) Hom(Q°, A) = @, ree 0(0)AL(0).
i) Hom(Q", A) = @, 4,00, 0(@)At(a).
fii) Hom(Q?, A) = D.c 2 0(x)At(2).
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Proof. i) Hom(Q°, A) = Hom(G}vmenez Ao(v) @ t(v)A,A) = @v,ve'rtez Hom(Ao(v) ® t(v)A, A)
D, vertes 0(v)At(v) by Theorem 3.2. Similarly, we can prove ii) and iii).

m

Remarks: i) dim Hom(Q% A) = > wvertes Am 0(v)At(v).
i) dim Hom(Q', A) = 3, 1 yore dim 0(a)At(a).
iii) dim Hom(Q? A) = Y » dim o(z)At(x).
Theorem 3.4. IfQ is connected and has no oriented cycles then dim Im d; = n—1, where n=number
of vertices.

Proof. Since d; : Hom(Q°, A) — Hom(Q"', A), then we get the exact sequence:
0 — Kerdy — Hom(QO,A) — Imd; — 0.

Then by Theorem 2.2 we have dim Imd; = dim Hom(Q°, A) — dim Kerd:, and Hom(Q°%, A) =
D, vertin 9(v)At(v). So dim Hom(Q’, A) = n, since Q has no oriented cycles. Also HH’(A) =~ K.
Therefore dim HH®(A) = 1. On the other hand, HH"(A) = Ext°(A, A) = Kerd; by Definition 2.1.
Hence, dim Kerd; = 1. Therefore, dim Imd; = n — 1. O

We know that HH'(A) = Kerdz/Imd;. By using Theorem 3.4 we can find dim Imd;. To find
dim Ker d2, Theorem 3.6 below has been identified. A definition of a monomial algebra is needed
first.

Definition 3.5. ([1], Definition 1.17) Let A = KQ/I. Then A is a monomial algebra if I is generated
by a set of paths in KQ each of length at least 2.

Theorem 3.6. Suppose that Q) is connected and ha s no oriented cycles. Let A = KQ/I be a finite-
dimensional monomial algebra.Suppose also whenever a, - - - a,, is @ minimal generator of I then
dim o(a;)At(a;)=number of arrows from o(a;)to t(a;) fori =1,...,n.

i) If A has only one relation, namely ai - - - a,, then dim Kerds = dim Hom(Q', A) —X7_,my
where m, = dim o(a)At(ar) — 1.

ii) If the minimal set of generators of I is precisely the set of paths from o(a1) to t(a,). Then
Ker ds = Hom(Q*, A).

iii) Special case: if dim o(a;)At(a;) = 1 for all arrows a; in Q then dim Ker d» = number of arrows.

Proof. Since we have the map d; : Hom(Q°, A) — Hom(Q", A), then we get the exact sequence:
0 — Kerda — Hom(Q",A) — Imds — 0.

Therefore,

dim Kerds = dim Hom(Q', A) — dim Im d> and Hom(Q", A) = D (a,0rrow) 9(@)At(a). Since Ais a
monomial algebra, I is generated by monomial relations. Fix a minimal generation set of monomials
for I. Suppose that » = a1 ---an is one of these minimal relations. Then a typical element of
o(ai)At(a;) is a linear combination of paths from o(a;) to t(a;). By hypothesis, a path from o(a;) to
t(a;) is an arrow from o(a;) to t(a;). So o(a;)At(a;) has typical element of the form ca, a; + X724 ¢i; Bi;
, for some c,,, ¢;; € K and arrows g;, from o(a;) to t(a;) (i, # a:). Now let g € Hom(Q", A). Then
g: Q' — Alis given by o(a) ® t(a) — o(a)X.t(a) for each arrow a. Also

gAx(o(r)®@t(r)) =g(o(a1) ®Raz - an+a1®ag---an+ ...+ a1 an-1t(an))

=g(o(a1) ® t(a1))az - - - an + ar1g(o(az) ® t(az))az - an + ...
+a1 - an—19(0(an) ® t(an))
= (0(a1)Aay t(a1))az -+~ an + a1(0(a2) Aoy t(as))ag - an + ...
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+a1 - an—1(0(an)ra,t(an)).
S0 if Aa; = ca;ai + X7 i Bi; then gAs(o(r) @ H(r)) = (cayar + X[ 1, 1) )az - an + a1(capaz +
E;nleQj sz)ag ccQp ..o tare an71(0an an + E;'n:nlcn]‘ 5’”_7’)' (33)

For i) assume that A has only one relation, say » = a1 ---an. Since B;; # ai, 80 f1,a2---an #
0,a182;as---an # 0, etc. Moreover, they are all linearly independent. Let g € Ker dz, then g42 =0
and g € Hom(Q", A). Hence from (3.3), ¢;; = 0, for all i. Therefore, g(o(a:) ® t(a:)) = cq,ai for i =
1,...,nand g(o(a) ® t(a)) = o(a)M(a) for a # a1, ...,a,. Hence dim Kerdz = dim Hom(Q", A) —
Yr—1my, where my = dim o(ax)At(ar) — 1.

For ii) suppose each minimal generator of I is of the form r = ~; - - - v,,, where ~; is some a; or
Bi;. Recall that 3;; is an arrow from o(a;) to t(a;). By using similar process to the one used in i) we
getfor g € Hom(Q', A) that gA2(o(r) @t(r)) = (0(y1) Ay t(y1))72 - - Y 71 (0(72) Az t(72)) 73 - - Y +
coe 71 =1 (0(n) Ay, t(n)). Since Ay, € o(7:)At(y:) = o(as)At(a;) we may write Ay, = ¢,y +
E;”:klcij Bi;, for some c,,,c;; € K. Then as in equation (3.3) we have gAz(o(r) ® t(r)) = (cyy 71 +
E;n:llclj /31]')72 “ et 71(572’72 + E;nﬁlc%'ﬁ?j )'73 SRR (e P e ’Yn—l(c"/n’y" + E;'n:nlc"jﬁnj) =0.
Therefore, g € Kerd, so Kerd; = Hom(Ql,A).

iii) Special case: assume dim o(a;)At(a;) = 1 for all arrows a; € Q. Then o(a;) e, t(a;) = ca,as,
where c,, € K. So, for g € Hom(Q"', A) and any relation r» = a1 - - - a,, the equation (3.3) becomes

gA2(o(r) ®t(r)) = cq,a1 - an + a1Caga2 - an + ...+ a1 An-1Ca, an

= (Cay +Cay + .-+ ca,)(a1---an) =0.

Therefore, g € Kerdz s0 Kerds = Hom(Q*', A). Since dim o(a;)At(a;) = 1, then dim Hom(Q*', A)
number of arrows. Hence dim Ker d2 = number of arrows.

O n

Note that once we have described Ker dz, then we can find Im dz. Thus we can describe HH'(A)
and HH?(A), in the cases Q° = 0 Vi > 3, i.e., where Ker ds = Hom(Q?, A).

An Example. Let A = KQ/I where Q is the quiver with two arrows « and § from the vertex
1 to the vertex 2, an arrow v from the vertex 2 to the vertex 3 and I = (avy). The algebra
Q is connected and has no oriented cycles and A has only one relation. From Theorem 3.6(i),
dim Ker d> = Hom(Q"', A) — (m1 + mz2), where m1; = (number of arrows from o(«a) to t(a)) — 1, so
m1 = 1, and mg = (number of arrows from o(y) to t(y)) — 1, so ma = 0. By using Theorem 3.3,
dim Hom(Q*, A) = T4 arrow dim o(a)At(a) = dim e;Aez + dim e;Aes + dim esAes =24+2+1=15.
Hence, dim Kerds = 5 — 1 = 4. Therefore, dim HHl(A) = dim Kerds — dim Imd; = 4 —2 = 2,
since dim Imdy =n—1=3—1 =2 from Theorem 3.4.

Now we will find HH?(A). Since d3 : Hom(Q?, A) — 0, then Kerds = Hom(Q?, A). Again by
using Theorem 3.3, dim Hom(Q?, A) = %,z dim o(r)At(r) = dim e;Aes = 1, since g> = {av}.
On the other hand, dim Imdz = m1 + ma = 1, since dim Kerds = dim Hom(Ql, A) — dim Im do.
Hence, dim HH?(A) = dim Kerds — dim Imd> =1 —1 = 0.

4 Conclusion

We have introduced in Section 3 some results to help in computing the low-dimensional Hochschild
cohomology groups for some finite-dimensional monomial algebra A over an algebraically closed
field K.
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